Spanos 1989), we show how various compressibilities can be calculated in a straightforward manner. The results obtained have many points of contact with those found in the literature. In particular, we verify all identities among drained compressibilities given in, e.g., Zimmerman (1991), thus providing an alternative route towards them. The undrained compressibility is described within the context of this work and its relation to the various drained compressibilities (Gassmann 1951) is verified. For greater experimental flexibility, we introduce a one-parameter family of compressibilities which includes the drained and the undrained compres . sibilities as members. The family of compressibilities is also used to obtain an expression for the pore-pressure build-up coefficient. In this work we also address the problem of macroscopic shearing. Experiments are proposed for the hetermination of the macroscopic shear modulus, leading to natural expressions for 'Young's modulus' and 'Poisson's ratio' for the porous medium under drained conditions. We also establish connections with Biot's (1956a) parameters.
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INTRODUCTION
The construction of constitutive equations for macroscopic deformations of multicomponent materials leads to the introduction of macroscopic parameters which are dependent on the interaction of the constituents and must be measured on a representative multicomponent sample. Constitutive equations for porous media, i.e. solids containing connected voids, have been developed by Terzagi (1923) , Biot (1941 Biot ( * 1973 , Gassmann (1951) , Nur & Byerlee (1971) , Morland (1972) , Brown & Korringa (1975) , Carroll (1979) , Thomsen (1985) . and Katsube (1985) , among others. Solids containing cracks have been addressed by Walsh (1965) , O'Connell & Budiansky (1977) , Mavko & Nur (1078) and Hudson (l99O) , and composite materials, i.e. aggregates of various solids, have been worked on by Paul (1962), Hill (1963) , Thomsen (1972) , Watt, Davies & O'Connell (1976) , Chatterjee, Ma1 & Knopoff (1978) , and Berryman (1979) , as well as Hashin (1962) and Hashin & Shtrikman (1961 . 1963 .
The above only represent a very small portion of the work in this area, as the study of deformation of multicomponent materials has been undertaken by researchers from many fields; cf: the review by Kumpel (1991) . In the area of composite materials, a considerable amount of work has been published on bounds of 'effective' elastic coefficients (Walpole 1966 : see also Hashin 1983 for a comprehensive survey). Measurements of various bulk moduli, and derivations of relationships between them have been reported for decades and are still of current interest (see Zimmerman 1991 for a comprehensive exposition).
Wave propagation in porous media has been described by Biot (1956a Biot ( , 1956b ) using a Lagrangian formulation together with his previously developed constitutive relations (Biot 1941 Katsube (1990) started with the equations governing each phase at the pore scale and have used various homogenization theories in order to obtain a macroscopic description. These descriptions, as well as Biot's (1956a,b) , are formulated to describe the regime where the wavelength of disturbance is much larger than the average pore size.
Among the parameters appearing in equations for seismic wave propagation in porous media, some pertain to the material properties of the constituents, and may be regarded as given. Others, such as permeability and porosity, require macroscopic prescriptions for their determination. One general prescription for obtaining these parameters would be fitting the theory to experimental data (subject to the restriction of sufficiently low frequency). However, one would also like to see these parameters determined independently of wave propagation, if possible.
When a system of equations is complete, the equations themselves should dictate the prescriptions to determine the parameters. Through the use of volume-averaging, de la Cruz & Spanos (1985, 1989) proposed such a system of equations. These equations describe the propagation of seismic waves through homogeneous and isotropic porous media. The construction has a strong connection to the well-established equations describing the deformation of the constituents at the pore scale.
In Section 2 the system of equations that form the basis of the present analysis is collected together. These equations are based on the work of de la Cruz & Spanos (1989), but are modified to include the fluid bulk viscosity and to accommodate phenomenological shear modulus and heat conductivities. The theoretical basis for the modification is given in the Appendix A. Porosity is a dynamic variable. The relationship between porosity and the macroscopic displacement vectors involves two parameters, 6, and 6, (defined in eq. 9). In Section 3 several compressibilities are considered, and it is shown how they are related to the parameters 6, and 6,. In the present analysis we shall not deal with the question of whether or not statically determined values for parameters may be applied to dynamic situations (Kumpel 1991) . A continuous oneparameter family of compressibilities is introduced to permit greater flexibility in experimental set-ups. The problem of macroscopic shearing is analysed. In particular we derive formulae for 'Young's modulus' and 'Poisson's ratio' for porous media under drained conditions. In Section 4, comparison with Biot's (1956a) theory is made. We establish a connection between Biot's parameters and those used here. We also point out implications associated with the assumption of a macroscopic energy potential.
SEISMIC WAVE PROPAGATION

A SYSTEM OF EQUATIONS FOR
The macroscopic parameters that are considered in this paper are associated with seismic waves in porous media. A porous medium is envisaged here as an elastic matrix whose pores are interconnected and are filled with a viscous compressible fluid. The medium is fully saturated, macroscopically homogeneous and isotropic. For ease of reference we collect together the system of equations proposed by de la Cruz & Spanos (1989), on which the following analysis is based. The equations presented here are generalized to include fluid bulk viscosity & (Hickey, Eastwood & Spanos 1991) , and to permit treatment of macroscopic shear modulus p M and heat conductivities K;
and K L as phenomenological parameters (cf: Appendix). 
at Equation (9) has been introduced to complete the system of equations [it is required t o specify the process under consideration, c.J: de la Cruz, Sahay & Spanos (1993); and in the present case of wave propagation is valid for A>>r, where r is a characteristic pore radius]. It is assumed that there are parameters 6, and 6, characteristic of the medium such that eq. (9) is valid for low-frequency waves and for quasi-static compressions of the type discussed in this paper.
The unperturbed porosity 77" and permeability K are two familiar macroscopic parameters. The parameter p l z , first introduced by Biot (1956a) , measures the intercomponent force arising from the relative acceleration between the fluid and solid phases. The heat parameter y describes the average heat transfer between phases. It is therefore of importance only if the local temperatures of the phases are not equal. The parameters K L and KL play the role of macroscopic heat conductivities. All these parameters (except 7,)) would not be visible in isothermal quasi-static processes. Finally the parameters 6 , and 6, defined by the assumed porosity eq. (9), as well as the macroscopic shear modulus gM, will be the primary concern of the present discussion.
MODULI O F COMPRESSION
Equations for static compressions
In this section we shall relate the two parameters 6, and 6, to various moduli of static compression, drained and undrained. It should be understood thft since 6, and 6, are process-dependent (de la Cruz et af. 1993), their values measured in static experiments may have to be altered in order to account for processes such as fluid flow which can occur as a part of a seismic dilation. The drained compressions are such that the pore pressure is not affected by variations in the confining pressure (cf. Zimmerman 1991); thus the two pressures can be considered to be independent. In the undrained compression the pore pressure is a function of confining pressure (Fig. 1 ). All compressions are to be isothermal and performed on a sample which initially sustains a uniform pressure €4) = PP =Po.
(10) Systematically eliminating V * u, and V -ui from eqs (3), (4), (S) , (6) and (9), we find that the mass densities respond to pressure changes according to and and the change in porosity is
Confining Fluid
Fluid Saturated Porous Sample
Pressure Vessel Jaiket Figure 1 . Schematic of experimental set-up for static compressibility measurements of porous materials. The impermeable jacket around the sample enables the pore pressure and confining pressure to be controlled independently.
Drained compressibilities
The notation used in the following description is the same as Zimmerman, Somerton & King (1986) and Zimmerman (1991) . To clarify the notation, say in the bulk modulus K,, , the first subscript, x, represents the type of volume measured (x = b: total or bulk volume; x = p: pore volume) and the second subscript, y , represents the pressure that is incremented ( y = c: confining or total external pressure; y = p: pore pressure), keeping the other pressure constant.
The drained bulk compression is characterized by the requirement that, under a change of the confining pressure, the mass of the solid is conserved, and the fluid pressure pr = pll is maintained. Since the equation of continuity (3) can be written as then, in the drained bulk compression, the volume increment must be defined by ascribing the displacement u, [and not for example (1 -qo)u,] t o each point on the closed surface.
Denoting the bulk modulus for this process by Khc (or compressibility by Ck), one has Here, AV = V -v, represents the change in volume of the overall sample, Vl is the initial volume of the sample, the pressure p , of the fluid in the pores is kept constant during the deformation, and Ap represents the change in confining pressure (see Fig. 1 ). In terms of mass density, Using eqs (12). (13) and (15), c h c can be readily expressed in terms of 6, and 6,:
As well as the drained bulk modulus Khcr discussed above, Zimmerman (1991) also discussed three other drained compressibility tests for porous media and has given relationships among all four drained compressibilities. Hence, it is useful to obtain expressions for such compressibilities in our framework and to try to verify the relationships.
One compressibility commonly referred to in the literature as 'pseudo-bulk compressibility' is obtained by measuring the change in bulk volume with a change in pore pressure. The bulk modulus denoted here by K,,, compressibility by C,,, is defined as Here, AV represents the change in volume of the overall sample, vl is the initial volume of the sample, p represents the confining pressure and is kept constant during the deformation, and Apl represents the change in pressure of the fluid in the pores. In terms of mass density, Using eqs (12), (13), (15) and (18), we find, from eq. c,, = CbC -c,, (23) it is evident that they only become identical if This constraint has has been noted previously by de la Cruz & Spanos (1989) as a compatibility condition between their theory and that of Biot (1956a) . It can also be deduced if one assumes the existence of a macroscopic energy function in the sense of Biot (1956a) ; see Section 4.1. Finally, it will be shown that this constraint is equivalent to the generally accepted hydrodynamic limit condition, eq. (S6), below.
Another compressibility which is commonly referred to in h e literature as the 'formation compaction' represents the change in pore volume, AV,. of the sample due to a change in confining pressure. The magnitude of the change in pore volume, A X , is usually obtained by measuring the volume of fluid exiting the sample during the deformation. Hence, the bulk modulus K , or compressibility C,, associated with this process is defined by where Vr is the initial volume of fluid contained in the pores, A p represents the change in confining pressure, and p , represents the pressure of the fluid in the pores and is kept constant during the deformation. Since the pore fluid pressure remains constant, we have
to first order, where 77 is the final porosity and V is the final total volume of the sample. Substituting eq. (26) Zimmerman's (1991) relation (2.7), obtained through the use of the hydrostatic limit and the Betti reciprocal theorem of elastic theory adopted for porous media.
The final drained compressibility to be discussed is commonly referred to as the 'effective pore compression'. It is obtained by measuring the change in pore volume due to a change in pore pressure. The associated bulk modulus KP1,, or compressibility C,,, is defined as where V:' is the initial volume of fluid contained in the pores, p represents the confining pressure and is kept constant during the deformation, Apl represents the change in pressure of the fluid in the pores, and AV, is the change in pore volume.
Substituting eq. (26) into eq. (30), so that and using definition (20) for Ch, and eqs (13), (15) 
Thus, in a simple and straightforward manner, we have reproduced all three independent relations given in Zimmerman (1991) . These are eqs (23), (29) and (32). Of these, only eq. (23) requires the validity of condition (24).
Undrained compressibility
The undrained compression, as defined in this paper, is characterized by the requirement that the masses of the two components enclosed by a surface are separately conserved. The conservation of the total mass can be stated more formally by combining the continuity eqs (3) and (4) for each phase to obtain
where Let us establish that the undrained process is characterized by q = constant. The conservation of the total enclosed mass can be expressed as In terms of q and p,, eq. (39) becomes Hence. if q = y o , it follows that and, combining with eq. (39), one also obtains thereby implying that the two masses are separately conserved.
Using eqs ( l l ) , (12) and (13) the change in density may be expressed as 
Using eqs (15) and (44) 
from which one identifies
The last term in eq. (46) measures the deviation from the simple average q(lKr + (1 -77JK, due to the combined effect of the solid shear modulus and pore structure on this macroscopic deformation. Using eqs (19), (22), (27) and (32) the undrained compressibility may be written in terms of the four drained compressibili ties,
This expression was given in Zimmerman (1991) . Cud of eq.
(47) may be expressed in terms of two drained compressibilities, using relations (29) and (32) without any constraint. Zimmerman (1 991) derives an expression obtained earlier by Gassmann (1951) , by using his relations among the four drained compressibilities to represent the undrained bulk modulus in terms of only one drained bulk modulus, This expression can only be obtained in this analysis if one assumes the relation (24).
A continuous family of compressibilities
The drained and undrained moduli lie within a continuous family of compressibilities which differ by the degree to which the fluid is free to flow out. We define the family of compressibilities, C ( 0 ) , by where AV is the volume change of the overall sample and Ap is the change in confining pressure. In terms of mass densities, C(0) is given by where the relative pressure
is kept constant during each process. Substituting eqs (12), (13) and (14) into eq. (50), the relation for C(0) is found to be
Hence, in terms of drained moduli, we have
(53)
To demonstrate a possible use of C(0), suppose one performs 'almost drained' compressions (i.e. 0 = 0) for a number of values of 0. Then the slope of the C(0) versus 0, which is Chp, and the intercept C, provide all the necessary information to determine 6, and a, ,
To this point, the family of compressibilities is quite general and two independent parameters are required to describe this family fully. However, it is commonly accepted, for the type of material considered here (Green & Wang 1986; Van der Kamp & Gale 1983; Rice & Cleary 1976; Gassmann 1951) , that the 'hydrostatic limit' i.e. 0 = 1 is
This assumption is the 'boundary condition' used by Zimmerman (1991) in the description of static deformations and is based on the work of Geertsma (1957) . With this assumption, eq. (52) readily yields We see that condition (24) holds if and only if assumption (56) holds.
Induced pore-pressure coefficient
A parameter which is deduced from the undrained compression has been described previously in the literature (Skempton 1954; Rice & Cleary 1976; Cleary 1977; Dropek, Johnson & Walsh 1978; Green & Wang 1986; McTigue 1986; Green & Wang 1990) as the pore-pressure build-up coefficient. This parameter is simply the value of 0 for which the family of compressibilities gives Cud. For the drained compression, the pore pressure is kept constant, i.e. 0 = 0, and therefore C(0) = Chc. By setting C ( 0 , ) = Cud in eq. (53) the induced pore pressure. O,, is found to be Under the assumption that C( 1) = C,, the induced pore-pressure coefficient may be written, by substituting the relationship for the undrained in terms of the drained, (i.e.
eq. 48 into eq. 57), as a unique function of the drained bulk modulus:
This expression is also obtained by Green & Wang (1985) , based on the work by Brown & Korringa (1975) for a material subject to the above assumption.
Shear deformations
The equations of motion (1) and ( 2 ) are combined in the form
is the stress tensor of the porous medium. The condition for static equilibrium is a,r,, = 0,
and for quasi-static processes set vf = 0. Let us consider a rectangular block of porous medium subject to stresses at the boundary. Let the cross-section be a square of width L before the stress is applied, and let the four sides be subject to constant uniform shearing stress r, i.e. r,, = r,, = r and r,, = r,, = 0 with drained condition (pr =pl,). The two other sides are to be entirely stress-free: r?, = 0 (see Fig. 2 ). The displacement u"(x. y ) satisfying the above boundary conditions, as well as eq. (61), and vanishing identically when r = 0, is easily verified t o be where In particular, the upper right-hand corner of the block moves by and similarly for the other corners. Thus, one diagonal is
while the other diagonal is shortened to
The volume of the block is therefore unchanged (to first order). The shear angle 8 is given by
In this sense the bulk shear modulus of the homogeneous medium is pM. Applying a pure shear on a sample as described above is difficult to perform in the laboratory. It is therefore of interest to discuss an alternative measurement from which the macroscopic shear modulus may be extracted. Let us consider a uniaxial compression, or a 'Young's modulus' measurement. Here, we consider a rectangular block of porous medium with a square cross-section of width L before the stress is applied, and we let the two sides normal to the x-axis be subject to constant uniform compressive stress p , i.e. z, , = -p and r,y = 0, with drained condition ( p , = p o ) everywhere. The other sides are to be entirely, stress-free: r;, = r,,, = 0 (see Fig. 3 ). The stress tensor (eq.1 60) for the porous medium subject to a drained boundary condition and for a quasi-static isothermal process is Using eq. (9) for the change in porosity and the relation a q / a t = -qoV * vf from eq. (6) More information can be obtained from the uniaxial compression if one measures the change in length of the sample perpendicular to the direction of applied stress, i.e. u: or ul. Defining a Poisson's ratio, vM, for a porous medium as the ratio of lateral extension to the corresponding longitudinal compression,
Therefore, if one measures the deformations of the sample in two directions during a uniaxial compression (as discussed above), one has enough information to determine the Y 4 Figure 3 . The deformation of a block of porous medium with a square cross-section of width L on which the faces normal to the x-axis are subject to a constant uniform compressive stress r,, = -p and the pore fluid is allowed to flow out of the sample, Pf= el. The change in dimension of the sample is measured in the direction of applied stress (x-direction) and in one direction perpendicular to the direction of applied stress (y-direction).
parameters for the wave propagation theory if one assumes mndition (24). However, if condition (24) is not assumed &en one requires an additional measurement in which the p r e fluid is constrained within the sample, e.g. an undrained compressibility measurement.
COMPARISON WITH BIOT'S THEORY
1 Biot parameters
me wave propagation theory of Biot (1956a) Further substitution using eq. (22) yields
For comparison, let us express p c directly in terms of the displacements by combining eqs (6) and (9). Integrating with respect to time (neglecting the temperature term), one obtains -~o(pi -pi)) = K 4 , V * u, + Kr(Vi1-6r)v * ui.
(83) Using Biot's notation Q, R (Biot 1941 (Biot , 1956a , and R = Kr(77u -&I. The expressions for Q and R from the two approaches are equal if condition (56) is valid.
In the work of Biot & Willis (1957) the shear modulus of the bulk material is denoted by N . According to eq. (69), we have to make the identification
Note, however, that unless p M = (1 -qo)ps, the equation of motion (2) for the fluid contains a term that is dependent on the space derivatives of v,. Such a term is not present in Biot's formulations.
Denoting the coefficient of V -u, in c, by A, then, from eq. (60) for quasi-static processes, (after substitution of eq. 9) we have
Substituting for 6, using eq. (19) and eq. (52) at 0 = 1, eq. (92) yields
The work of Biot & Willis (1957) gives
which is equal to the expression for A derived here (eq. 93) provided condition (56) is satisfied. Biot & Willis (1957) gives an expression for the coefficient of fluid content, C: , for the special case in which the material of the porous matrix is homogeneous and isotropic and the Huid completely saturates the pores. In this special case, they state that the porosity will not change during an unjacketed compression, and they obtain
This expression is equal to eq. (82) derived in this work, only if condition (56), i.e. C(1) = C,, is satisfied.
Macroscopic potential energy
In order to establish a relation between the stress and strain components of the solid-fluid medium, Biot assumes the existence of an energy potential. Because of the existence of a potential energy, the matrix of coefficients relating the stress and strain tensor must be symmetric thereby reducing the number of independent parameters. Let us therefore explore the consequences of such an energy potential in the context of this work. The equations of motion are of the form (97) etc. Now, let us assume the existence of an elastic energy potential W in the sense of Biot (1941, 1956a,b) , such that r; = awlau:,
7:, = aw/au;,,
u:, = +:, + u,.,) 
In Biot's formulation, W = W ( u ; , id:,), i.e. it was tacitly assumed that the porosity change r) -qr, does not appear in W as an independent variable. Therefore in eqs (98) and (loo), we must use eq. (9) to eliminate r ) -r)(, before working out eq. (105). Then eq. (105) states that the coefficient of V * ul in T:, should be equal to that of V -u, in rt,:
K,6r= KtS,, which is again eq. (24). However, r) -qi1 is surely in general kinematically independent of the macroscopic displacements, and it seems that we have to regard eq. (9), for fixed 6, and S,, as a restriction to a certain class of processes, namely low-frequency wave propagation. In that case, for thermodynamic considerations one must write W = W (uh, u!,, r ) ) . This question is discussed more thoroughly in terms of the thermodynamics of porous media by de la Cruz et a/. (1993) . For the present analysis, it is sufficient to note that, if r), as well as u:, and u:,, is an independent variable, then eq. (105), with the use of eqs (98) and (IOO), reduces to an identity, yielding no restriction. A relationship between q, u ; and u:, then defines the specific process under consideration.
CONCLUSIONS
The static form of the system of equations summarized in Section 2 has led to the definition and calculation of a number of compressibilities. These include ChL (eqs 17 and 19), C,, (eqs 20 and 22), C,, (eqs 25 and 28). C,, (eqs 30 and 32). and Cud (eqs 37 and 46). It is then straightforward to check the relationships between them as presented in Zimmerman (1991) ; cf: eqs (23), (29), (32) and (47) . The family of compressibilities C(0) may permit greater flexibility in experimental set-ups, one being given in Section 3.4. It also facilitates the description of the pore-pressure build-up coefficient as presented in Section 3.5. Under drained conditions there exist for the porous medium parameters analogous to the usual Young's modulus and Poisson's ratio. We have derived formulae for these parameters (eqs 76 and 77). It is natural to seek connection with Biot's theory. This we d o in Sections 4.1 and 4.2. In particular, we deduce a consequence of assuming an energy potential in the sense of Biot (1941) . While this assumption appears to be a useful approximation, in specific circumstances we call into question its general validity.
